Derivation of the Relationships between
Partial Derivatives of Legendre Transforms

Legendre transforms have a variety of applications in classi-
cal thermodynamics. The general theory of these transforms
and their applicability to chemical thermodynamics has been
illustrated by Tisza (1966), Beegle et al., (1974), and Modell
and Reid (1982). Beegle et al. present expressions, without
proof, for the second partial derivatives of any Legendre trans-
form in terms of partial derivatives of the basis function, y'@.
These expressions cannot be derived in any straightforward
manner, as the bookkeeping involved becomes very cumber-
some. In this note, we derive these formulae by using 2 mathe-
matical technique (Tisza, 1966) that retains the required math-
ematical consistency while being deceptively simple. Also
presented are techniques for expressing the partial derivatives of
any transform in terms of the partial derivatives of any other
transform. The method can be extended to higher order deriva-
tives if desired.

Derivation

We wish to derive expressions for any second partial deriva-
tive of the kth Legendre transform, y (¥, in terms of the partial
derivatives of the basis function, ¥, Three different cases can
be envisaged, namely:

1.i,j>k

2.i=<k,j> k(by symmetry, the case i > k, j < k is identical
except for interchanging the indices i and )

ik, j=k

Case 1:1,j > k

Q)

Using standard notation we can represent the derivative y

as,

d%;
P e (1)
axj [IE IR 7% /TR JIS SRV /¥
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which can be rewritten in a Jacobian formulation as,

([() _ a(gl’ 529 R ‘Eks El)

yi = 2)
Y B B X))
or in matrix representation,
9, £y aii Eppxi
il . %
_ 0f, Eppx 08| g, (3)
X, lEx) x| 5,x

Here &, denotes a restraint wherein all £s (£, to £,) except &,
are constant, while £, denotes that the variables £, to £, are those
that are held constant. The same notation is maintained for the
variable x; in the pertinent space (i.e., x;, to x»). In Eq. 2 the
terms (&, ... &) represent those that must be transformed in
order 1o proceed from a p* to a '@ formulation. Equation 2,
can be rewritten in the form,

* _ 9L & & de 8D . A & - &1 X X))
! e b b xex) ELE - B b X))

(4)

by using the chain rule for partial differentiation. Equation 4
can also be simplified to the form,

o O b B b ) /a(a,sz.,.zkl.s» )
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In going from Eq. 2 to Eq. 5 we have expressed a second partial
derivative of the kth Legendre transform in terms of the deriva-
tives of the (k — 1)th transform. Notice that the denominator
no longer possesses an x; term. This results as the presence of the
x; in the denominator Jacobian only introduces a unity term at
the bottom right corner of the Jacobian; removing it causes no
change in the determinant. Performing this operation k times
yields an expression for the relevant partial derivative in terms
of the derivatives of the basis function. Mathematically, this can
be expressed by a ratio of two Jacobians, i.e.,

w_ OGnE . B k) /a(sl,zz...sk_l,zk) ©)

Y By Xy Xy Xae X)) O(Xp Xy L XLy, Xp)

Equation 6 is the same as Eq. 31 of Beegle et al. except that it is
expressed in a more compact form.

Case2:i <k, j>k

The general derivative y,‘}‘) in this case would be represented
mathematically as,

Ox;
P = = )
axj Edze B Xirrs - X1 X L XN

_ & .. b —x)
CIETF SR xj)

(8)

Equation 8 is similar to Eq. 2 except that the variable & has been
replaced by the relevant variable in this case, namely —x,.
Implementing the steps used in obtaining Eqgs. 3 to 6 from Eq. 2,
we obtain an expression for this partial derivative in terms of the
derivatives of the basis function; i.e.,

w_ Gnk .. b —x) /a(zl, b8

Yo A(xy, Xg e X X)) [ O, Xy LX)

Equation 9 is the same as Eq. 32 of Beegle et al.

Case3:i < k,j<k

¥ in this case also can be obtained by following the same

techniques used in the previous two cases. Mathematically,

ax;
o _ | %% 10
Vi |:6£j:lfhfz- & e B Xkan - XN ( )
=a(glv£2' "Ej-l’2j+h'~~£k’ —X,-) (1])
ks & nEn - EGE)
(0 _ e Gk b —X)
Yy F(X1 X0 o oo X1 X g - e X X])
0(51’22’ e gk) (12)
(X, X5 - - Xp)

This expression is the same as Eq. 33 of Beegle et al. A feature to
be noted in Eq. 12 is that the numerator Jacobian is of order k,
rather than (k + 1) asincases | and 2.
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Examples

Let us define for a binary mixture,
yO=U=f(S,V,N,N,) (13)

To illustrate the relations derived above let us express the deriv-
ative [8u,/dN,]p 1N, in terms of the derivatives of U. Following
standard notation, we define the following quantities:

=8 x;=V x=N,

=T &L =P & =y

The derivative desired is thus y{? in terms of the derivatives of
y®. This is an example of case 1, illustrated in Egs. 2 to S, with
i=3,j-3.k=-2.

Xy = Ny,

£ = po.

653 6(&]!82723)
Q@ _ =2 A bt L it
a [axjfhfz,h - a(EhEstl) (14)
_ a(£l7£2’g3) 8(21,22) (]43)
A(x 1, X2 x3) | (x1,x5)

Reverting to the original notation and expressing Eq. 14a in
matrix form thus yields the desired result; i.e.,

sk 9P T
as s as
—LNN, —IV,N,N, —IV.N.N,
aj . it I
(’)“ SNV, - 8K N A BK S.NLN;
T ap Oy
ON,iswN,  ONysy.n, ONIsvn,
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Blyww,  Blymn,
6j apP
Wlsnv.nv, s,

The extension of the scheme to express the derivative ' in
terms of the derivatives of any Legendre transform is also possi-
ble. To accomplish this would entail the use of the appropriate
variables while expressing the derivative in a Jacobian form.
The relation would then be derived in a form analogous to either
one of the three presented methods. As an example let us express
the derivative y? in terms of {3 (the Helmholtz energy) rather
than in terms of y©. Then

o 0EE)  AhE) / 3(&)
U ax)  8(x,x)| 3(x)

(16)

Equation 16 may be written without using matrix representa-
tion.

Let us now pick a quarternary system and again define y©
as:

y@ =U=f(S,V,N,, Ny, Ny, N,) (17
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Suppose we wish to express the derivative —{dN,/8T]p,, y,n, iN
terms of the derivatives of (a) y® and (b) y®. In part (a) the
required derivative is y{? in terms of y'®. This can be accom-
plished by recognizing it to be a case 3 problem; i.e.,

@ _ _|9%s
Yay = 3
El £2,83,E4.X5,X6

Ok £ b — ) / 3(En £ 3. £0) (1)
A(x2, X3, X4 X1) | (), X3 X3, Xs)

‘_a(—P’ My Ha, _NZ) a(T9 _P‘ul’ #2) (19)

N a(’_/’ N]’Nb §) a(§’ _I_/v Nl’ ’2)

For part (b), it is noted that the variables to be transformed in
order to go from y* to p® are x, and x,. This particular exam-
ple can thus be identified as a case 1 problem and solved as:

4 _ 3(xs, x5, —X4) - 8 (x5, xq, *x4)/3(x5’ Xe) (20)

- A(xs, Xg, £1) - AEs, &, &) [ 9(Es, &)

Conclusion

A method has been developed of expressing the second partial
derivatives of any Legendre transform in terms of the deriva-
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tives of any other transform. The technique presented thus veri-
fies the unproved results of Beegle et al. (1974), and allows one
to obtain readily the desired results. Extension of this technique
to higher order partial derivatives is possible by employing
third- and higher dimension Jacobians.

Notation

N; = number of moles of the ith component in a mixture

P = system pressure

S' = total entropy of a system

T - temperature

U = total internal energy of a system

V' = total system volume

x, = variable in the basis function y’
»©@ — Legendre transform basis function
v — nth Legendre transform of the basis function

i, = chemical potential of component i in a mixture

£, = congugate variable of x; in Legendre transform representation

(0)
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